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In brittle materials, cracking is initiated when the maximum
principal stress reaches the uniaxial tensile strength. A cohesive
crack is then initiated and the direction of the crack is orthogonal
to the corresponding principal stress direction. The well-known
ﬁctitious crack model suggested by Hillerborg et al. (1976) then
provides a suitable description of the response in the post-crack re-
gime. Thermodynamical arguments were presented by Ottosen
(1986) which support the concepts behind the ﬁctitious crack
model.
The ﬁctitious crack model was formulated for mode I conditions
for which the response both during loading and unloading is
straightforward to formulate. However, after crack initiation there
are a number of situations where the crack subsequently is ex-
posed also to shear loading and then the problem becomes much
more complex. In that situation, the problem involves two aspects:
the constitutive model for the crack and the numerical treatment
that must reﬂect the discontinuity created by the crack. Here, we
will just discuss the constitutive model for the crack/interface
and only mention that the numerical ﬁnite element treatment
can follow different lines, e.g. interface elements, smeared crack
approach, embedded crack model and the extended ﬁnite element
method; see, for instance, the reviews provided by Jirásek and
Belytschko (2002) and de Borst (2003).Modeling of cracks and interfaces exposed to combined normal
and shear loading are closely related, but one aspect differs. An
interface, a joint for instance, exists before any loading is applied
whereas a certain loading is required before a crack is initiated;
after that the crack can be considered as an interface.
Due to its importance and complexity, a number of crack/inter-
face models have been presented in the literature and we will here
conﬁne ourselves to a discussion of certain main trends.
An interface model accounting for both normal and shear load-
ing was proposed by Needleman (1987) and this model has served
as a vehicle for a number of later developments. It has the property
that the fracture energy obtained for complete separation is the
same irrespective of the load path; this assumption is normally
not fulﬁlled, cf. for instance the experimental data of Hassanzadeh
(1990) for cracks in concrete and for interfaces, cf. for instance, the
discussion provided by van der Bosch et al. (2006).
The model of Needleman (1987) was later generalized by Xu
and Needleman (1993) to account for different fracture energies
in separation and shear, but also this model is reversible and there-
by history-independent; even the recent model of Park et al. (2009)
ﬁts into this framework. To account for different responses during
loading and unloading, Ortiz and Pandolﬁ (1999) formulated a the-
ory that, in principle, corresponds to a damage model. Since no
plasticity is considered, on reversal of the load all deformations
disappear and no residual deformations exist. In the well-known
paper by Carol et al. (1997), a generalized crack model is proposed
which reﬂects the elastic and plastic response of the crack; close
agreement is obtained with the experimental data of Hassanzadeh
(1990) for concrete. A hyperbolic yield criterion previously
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(1994) is used in combination with nonassociated plasticity. In-
deed, the models of Carol et al. (1997) and Cˇervenka (1994) have
been used not only in a number applications, but several papers
are based on certain variations of these models, see, for instance,
Gálvez et al. (2002a,b). Since damage is not considered in the mod-
els of Carol et al. (1997) and Cˇervenka (1994), the unloading stiff-
ness is constant, irrespective of the load history. This drawback
was remedied in the model of Cˇervenka et al. (1998). A somewhat
different model, splitted into a cohesive part and a frictional part,
that considers elasticity, plasticity and damage of the crack was re-
cently proposed by Nielsen et al. (2010). Also the predictions of this
model was compared with the experimental data of Hassanzadeh
(1990) for concrete and good agreement was achieved.
A consistent formulation of a crack/interface model applicable
to ﬁnite deformations is far from being trivial and we may, for in-
stance, refer to the works of Allix and Corigliano (1999); Larsson
and Jansson (2002); Fagerström and Larsson (2006) and Mergheim
et al. (2007) as well as Mosler and Scheider (2011) for important
contributions and discussions. Apart from being kinematically con-
sistent, one also wants a large displacement crack/interface model
to fulﬁl thermodynamic requirements as well as objectivity and
this complicates the picture considerably and a profound discus-
sion on these matters is provided by Mosler and Scheider (2011).
Focus in this contribution will be on deriving a conceptually simple
ﬁctitious crack model and therefore at the present stage only small
deformations will be considered.
With this survey, let us return to a discussion of some basic fea-
tures. In the ﬁctitious crack model of Hillerborg et al. (1976) all
crack deformation is localized to the crack itself and the response
of the material outside the crack is not affected by its presence.
The crack deformation is then described by a relation r ¼ rðwÞ
where r is the normal stress and w is the crack opening. We then
get the response shown in Fig. 1(a) where rt is the uniaxial
strength and we note, in particular, that when the crack has just
been initiated, the unloading stiffness is inﬁnitely large. This fea-
ture is easily achieved if a model based entirely on damage is
adopted; this is the case for the proposal of Ortiz and Pandolﬁ
(1999). However, as soon as an plastic response is introduced in
the model, all existing proposals exhibit the response shown in
Fig. 1(b). This response is certainly not in accordance with the ﬁc-
titious crack model and even though the initial stiffness can be
made arbitrarily large, it implies that crack opening occurs before
the uniaxial strength rt is achieved. The reason that this drawback
traditionally is accepted is that it opens for a direct application of
traditional elasto-plasticity and damage mechanics. However, this
deﬁciency was also observed by Jirásek and Zimmermann (2001)
who discussed the introduction of a so-called compliance parame-
ter to avoid this inconsistency.
We shall here present a model that is in full accordance with
the response of the ﬁctitious crack model, i.e. a model which
exhibits the properties shown in Fig. 1(a). The model is formu-
lated for the general 3D case. Moreover, the model is thermody-
namically based, it includes elasticity, plasticity and damageFig. 1. (a) Response according to the ﬁctitious crack model with an unloading
stiffness that initially is inﬁnitely large; (b) Response for previous models that
include an elastic part.and it will turn out to be conceptionally very simple. The model
parameters will then, as an example, be calibrated to experimen-
tal data for cracking of concrete and it will be demonstrated that
for the same set of parameters, close agreement is achieved not
only with the experimental data of Hassanzadeh (1990) for com-
bined normal and shear loading, but also with experimental data
for uniaxial tests that include the unloading response and, ﬁnally,
with experimental data for the initial shear stiffness as function
of the crack opening.2. Dissipation inequality
In a body, consider the crack (interface) in the reference conﬁg-
uration deﬁned by the surface Cwhich in the current conﬁguration
separates into surfaces Cþ and C. From linear momentum of the
crack (interface), it follows that tþ ¼ t where t denotes the Cau-
chy traction vector (recall that small deformations are assumed).
With the displacement jumpw ¼ uþ  u, the dissipation inequal-
ity for isothermal conditions becomes
D ¼ t  _w _wP 0 ð1Þ
where a dot denotes the time derivative. Here, t ¼ tþ and Helm-
holtz’ free energy w is the energy per unit surface.
It seems natural to decompose the various vectors into a part
that is directed normal to the surface C and a part tangential to
C. Therefore, denoting the normal to the surface C as n, the traction
vector is decomposed as
t ¼ rnþ s ð2Þ
where
r ¼ n  t; s ¼ ðI  n nÞ  t ð3Þ
Here r is the normal stress component and the s is the shear stress
vector. Similarly it follows that the displacement jump can be
decomposed as
w ¼ wnnþws ð4Þ
where the crack/interface opening wn and slip displacement vector
ws are deﬁned as
wn ¼ n w ws ¼ ðI  n nÞ w ð5Þ
Returning to the dissipation inequality (1) and taking advantage
of (2) and (4) it follows that
D ¼ r _wn þ s  _ws  _wP 0 ð6Þ
To introduce plasticity, the plastic part of the jump is decomposed
in analogy with the considerations above, i.e
wp ¼ wpnnþwps ð7Þ
where
wpn ¼ n wp wps ¼ ðI  n nÞ wp ð8Þ
With these consideration, a speciﬁc form of Helmholtz’ free en-
ergy will now be considered where, in addition to elasticity and
plasticity, also damage is considered.3. Helmholtz’ free energy
In continua, thermodynamics involves certain quantities that
are expressed per unit volume. Now we are dealing with a surface
and the corresponding quantities are then expressed per unit sur-
face. Apart from that, the thermodynamic framework is similar to
the standard formulation and we refer, for instance, to the survey
given by Ottosen and Ristinmaa (2005).
Fig. 2. (a) Interpretation of f ¼ 0 where f is given by (17); (b) Loading criterion f ¼ 0
where f is given by (18) showing softening caused by the damage parameter j.
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w ¼ ð1 jÞm Ec
2jm
ðwn wpnÞ2 þ ð1jÞm
Gc
2jm
ðws wps Þ  ðws wps Þ ð9Þ
where j is a damage variable; 0 6 j 6 1. Moreover,m = dimension-
less parameter (m > 0) whereas Ec and Gc are elastic stiffnesses of
the crack/interface of dimension [N/m3] (subscript c refers to
crack/interface). It appears that the ﬁrst term in (9) refers to open-
ing of the crack/interface whereas the second term refers to slip.
Expression (9) is now inserted in (6) resulting in
rð1jÞm Ec
jm
ðwnwpnÞ
 
_wnþ sð1jÞm Gcjm ðwsw
p
s Þ
 
 _ws
þð1jÞm Ec
jm
ðwnwpnÞ _wpnþð1jÞm
Gc
jm
ðwswps Þ  _wps
þmð1jÞ
m1
2jmþ1
½EcðwnwpnÞ2þGcðwswps Þ  ðwswps Þ _jP 0 ð10Þ
Since _wn and _ws are arbitrary, we conclude that
r ¼ Eceff ðwn wpnÞ and s ¼ Gceff ðws wps Þ ð11Þ
where the effective elastic stiffnesses Eceff and Gceff are deﬁned by
Eceff ¼ ð1 jÞm Ecjm Gceff ¼ ð1 jÞ
m Gc
jm
ð12Þ
With expressions (11), the dissipation inequality (10) reduces to
r _wpn þ s  _wps þ K _jP 0 ð13Þ
where the conjugated force K is deﬁned by
K ¼ mj
m1
2ð1 jÞmþ1
r2
Ec
þ s
2
Gc
 
ð14Þ
and
s2 ¼ s  s ð15Þ
For elastic behavior, i.e. _wpn ¼ _j ¼ 0 and _wps ¼ 0, it follows that
the process is nondissipative. For elastic unloading, we get from
(11) that
_r ¼ Eceff _wn _s ¼ Gceff _ws ð16Þ
When the crack just has been initiated, j is, in principle, zero and
the stiffnesses Eceff and Gceff then become inﬁnitely large. This im-
plies an inﬁnitely large unloading stiffness precisely in accordance
with the ﬁctitious crack model and as discussed in relation to
Fig. 1(a).
4. Loading surface
Let us next introduce the loading surface, i.e. the activation of
which implies evolution of both plasticity and damage. In the ﬁrst
place, we consider the hyperbolic yield function used by Carol et al.
(1997) and Cˇervenka (1994), but written a slightly different form
that gives a clear interpretation of the parameters. This hyperbola
is given by f ¼ 0 where
f ¼ s2  l2f½ð1þ kÞrt  r2  k2r2t g ð17Þ
where s2 ¼ s  s;rt = uniaxial strength, l = friction coefﬁcient and k
= dimensionless parameter (P 0). As apparent from Fig. 2(a), the
larger the k-value, the larger the cusp of the hyperbola.
So far, no hardening or softening effects are present. To intro-
duce softening effects, we take the loading function as
f ¼ s2  l2f½ð1þ kÞð1 jÞnrt  r2  k2ð1 jÞ2nr2t  ð18Þ
where n > 0 is a dimensionless parameter; this gives the evolution
of the loading surface as shown in Fig. 2(b).It is recalled that when the loading surface is activated, both
plasticity and damage evolve. This simple assumption is in good
agreement with experimental facts from uniaxial tension of, for in-
stance, concrete showing that evolution of plasticity also means
evolution of damage and vice versa. This observation is in contrast
to the situation in, say, uniaxial compression where signiﬁcant
plasticity is required before damage develops. Apart from that, it
is recalled that for cracking the entire process starts when the max-
imum principal stress reaches the uniaxial strength, i.e. at the point
ðr; sÞ ¼ ðrt ;0Þ in Fig. 2(b). For a general load history leading to evo-
lution of damage and plasticity, the stress point moves along the
loading curve, but – if the model is used to simulate cracking –
no further crack initiation will occur; this means that we ignore
the possible existence of secondary cracking.
For later calibration and simulation purposes rate equations
will be derived. To obtain these equations the consistency equation
is considered _f ðr; s;jÞ ¼ 0 which takes the format
C1 _rþ C2  _sþ C3 _j ¼ 0 ð19Þ
where
C1 ¼ @f
@r
C2 ¼ @f
@s
C3 ¼ @f
@j
ð20Þ
i.e.
C1 ¼ 2l2½ð1þ kÞð1 jÞnrt  r; C2 ¼ 2s
C3 ¼ 2l2nrt½ð1þ 2kÞð1 jÞ2n1rt  ð1þ kÞð1 jÞn1r ð21Þ
From the stresses given by (11) we obtain
_r ¼  mjð1jÞr _jþ Eceff ð _wn  _wpnÞ
_s ¼  mjð1jÞ s _jþ Gceff ð _ws  _wps Þ
ð22Þ
By inserting these expressions in the consistency relation (19) we
obtain
B _j Eceff C1 _wpn  Gceff C2  _wps þ Eceff C1 _wn þ Gceff C2  _ws ¼ 0 ð23Þ
where
B ¼ m
jð1 jÞ ðrC1 þ 2s
2Þ  C3 ð24Þ
where it was used that C2  s ¼ 2s2.
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The next step is to choose the evolution laws for _wpn; _w
p
s and _j
such that the dissipation inequality (13) is fulﬁlled. For that pur-
pose, we introduce two potential functions, the plasticity potential
function gpðr; s;jÞ and the damage potential function gdðK;r; s;jÞ.
These potential functions are required to be convex and to possess
the properties: gpðr; s;jÞ  gpð0;0;jÞP 0 and gdðK;r; s;jÞ
gdð0;r; s;jÞP 0. These requirements ensure that the dissipation
inequality (13) is fulﬁlled by the following evolution laws
_wpn ¼ _k
@gp
@r ;
_wps ¼ _k
@gp
@s
; _j ¼ _k@gd
@K
and _kP 0; _kf ¼ 0 ð25Þ
In analogy with the loading function (18), we choose the plastic po-
tential function as
gp ¼ s2  l2f½ð1þ kÞð1 jÞnrt  r
2  k2ð1 jÞ2nr2t g ð26Þ
where l and k are dimensionless parameters; for simplicity, the
exponent n is the same as in the loading function. According to
(25) the damage potential function gd must depend on the conju-
gated force K and the simplest possible expression is given by
gd ¼
K
Nðr; s;jÞ ð27Þ
where the positive function Nðr; s;jÞ will be speciﬁed later when
the model is calibrated. With these expressions for the potential
functions, the evolution laws (25) become
_wpn ¼ _kC1; _wps ¼ _kC2; _j ¼
_k
N
ð28Þ
where
C1 ¼
@gp
@r
¼ 2l2½ð1þ kÞð1 jÞnrt  r; C2 ¼
@gp
@s
¼ 2s ð29Þ
Insertion of the evolution laws (28) in the consistency relation
(23) determines the multiplier _k and we obtain
_k ¼ N
A
ðC1Eceff _wn þ GceffC2  _wsÞ ð30Þ
where
A ¼ Bþ N ðC1C1Eceff þ C2  C2Gceff Þ ð31Þ
With the multiplier _k given by (30) the damage evolution takes
the form
_j ¼ 1
A
ðC1Eceff _wn þ GceffC2  _wsÞ ð32Þ
In these expressions, all terms are known except for the positive
function Nðr; s;jÞ. It appears from (30) that the ‘‘elastic trial stress’’
rate C1Eceff _wn þ GceffC2  _ws determines whether loading occurs or
not; if this quantity is positive, zero or negative then we have load-
ing, neutral loading and unloading, respectively.
As already mentioned, the only issue that remains to be speci-
ﬁed is the function N entering the damage evolution law (28).
6. Identiﬁcation of function N
To identify the, as yet, unknown function N present in the dam-
age evolution law (28), the following simple strategy is adopted.
Considering uniaxial tension, an analytic expression for the re-
sponse r ¼ rðwnÞ is chosen and it is required that the general con-
stitutive model should reproduce this behavior in uniaxial tension
exactly; this will identify the function N.For uniaxial tension, we will here choose the following simple
exponential relation
r ¼ rtebwn ð33Þ
where b is some parameter with dimension [1/m]; this format was
suggested by Gopalaratnam and Shah (1985) and there shown to be
in close agreement with experimental data for concrete. Indeed, this
exponential format is often adopted in ﬁnite deformation analysis
of cracks and interfaces, see e.g. Mergheim et al. (2007). The fracture
energy Gf [N/m] is deﬁned by Gf ¼
R1
o rdwn and with the expres-
sion above, we conclude that the parameter b is given by
b ¼ rt
Gf
i:e: r ¼ rte
rt
Gf
wn ð34Þ
This leads to
_r ¼ rt
Gf
r _wn ð35Þ
For uniaxial tension, the loading criterion (18) reduces to
r ¼ ð1 jÞnrt , i.e. _r ¼ nð1 jÞn1rt _j which together with the
expression above results in the following damage evolution
_j ¼ ð1 jÞ rt
nGf
_wn ð36Þ
The general expression for damage evolution is given by (32)
where N is unknown, i.e. the quantity A is unknown. In view of
the result (36), it is tempting to write A as
A ¼ 1
1 j
nGf
rt
S ð37Þ
where the quantity S is unknown. With this format, the general
damage evolution law (32) reads
_j ¼ ð1 jÞ rt
nGf S
ðC1Eceff _wn þ GceffC2  _wsÞ ð38Þ
For uniaxial tension s ¼ 0, i.e. the quantity C2 ¼ 0, cf. (21), and (38)
then reduces to expression (36) valid for uniaxial tension if S is
taken as S ¼ C1Eceff . However, we may equally well choose S as
S ¼ C1Eceff þ ðC2  C2Þ1=2Gceff ð39Þ
since this format reduces to S ¼ C1Eceff for uniaxial tension. The
expression above has the advantage that it preserves a symmetry
in the weighting of normal loading and shear loading.
We are now, ﬁnally, able to identify the function N explicitly.
Insertion of (37) in (31) results in
Nðr; s;jÞ ¼
nGf
rtð1jÞ S B
C1C1Eceff þ C2  C2Gceff
ð40Þ
With this result, the formulation of the general constitutive model
is ﬁnalized.
7. Tangential stiffness matrix
For the calibration of the model, the tangential stiffness matrix
will be established and the corresponding rate equations are then
solved using standard solvers for ordinary differential equations; a
fourth order Runge–Kutta with error control is used.
Before that is derived, we make a summary of some of the equa-
tions. The quantity S is deﬁned by (39) and the evolution law for _j
by (38). The evolution laws for _wpn and _w
p
s are give by (28) which
involves the multiplier _k. This quantity is determined by (30)
where the term N=A enters. We deﬁne the quantity R as R ¼ N=A
and obtain from (37) and (40) that
Fig. 3. Loading paths in the experiments of Hassanzadeh (1990); an angle = 900
corresponds to uniaxial tension.
Fig. 4. Experimental data of Hassanzadeh (1990) and predictions; (a) normal stress,
(b) shear stress. Solid lines indicate model predictions and dashed lines experi-
mental data.
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A
¼
1 Bð1jÞrtnGf S
C1C1Eceff þ C2  C2Gceff
ð41Þ
With these expressions, the evolution laws (28) for _j; _wpn and _wps
are now completely deﬁned. Insertion of these evolution laws in
(22) provides the following tangential stiffness matrix
_r
_s
 
¼ k11 k12
k21 k22
 
 _wn
_ws
 
ð42Þ
where
k11 ¼ Eceff  rj
mrt
nGf S
C1Eceff  RC1C1E2ceff
k22 ¼ Gceff I  1j
mrt
nGf S
Gceff s C2  G2ceff RC2  C2
k12 ¼ rj
mrt
nGf S
C2Gceff  RC2C1Eceff Gceff
k21 ¼  sj
mrt
nGf S
C1Eceff  RC1C2Eceff Gceff
ð43Þ
For unloading, the tangential response is given by (16).
Observing that j enters as a denominator in some terms in (43)
and that Eceff and Gceff have jm in the denominator, a natural ques-
tion is to investigate what happens when j is close to zero. In gen-
eral, for interface modeling the tangential stiffness will therefore
be inﬁnitely large when loading is initiated. However, for modeling
of cracking a ﬁnite tangential stiffness will apply. To identify this
tangential stiffness, it is important to observe that the entire crack
process starts when the maximum principal stress reaches the uni-
axial strength rt . For uniaxial tension, the loading condition (18)
provides r ¼ ð1 jÞnrt . With (21) and (29) we then obtain
C1 ¼ 2l2rtkð1 jÞn; C2 ¼ C2 ¼ 0; C3 ¼ 2l2nr2t kð1 jÞ2n1
During uniaxial tension, we have _wn > 0; _ws ¼ 0 and from (43) we
then get _r ¼ k11 _wn and _s ¼ k21 _wn, but k21 ¼ 0 and we are left with
_r ¼ k11 _wn. To evaluate the term k11, we ﬁrst determine the quantity
B deﬁned by (24), i.e.
B ¼ 2l2r2t kð1 jÞ2n1
m
j
 n
 
With R given by (41), we then arrive at
RC1C1E
2
ceff ¼ Eceff 
Bð1 jÞrt
nGf S
Eceff
Use of these expressions identify the terms k11 and we ﬁnally end
up with
_r ¼ rt
Gf
r _wn
We are not surprised that this is exactly the expression for uniaxial
tension that we started with when the function N was identiﬁed, cf.
(35). Moreover, we have demonstrated that as the crack process
starts with uniaxial tension, the tangential stiffness is ﬁnite.
In the literature, a number of crack/interface models have been
proposed where the physical relevance is substantiated by qualita-
tive arguments only. Here, we will compare model predictions
with a wide range of experimental data and, as an example, we
consider cracking of concrete.
8. Experimental veriﬁcation of the model
8.1. Combined normal and shear loading
For concrete, Hassanzadeh (1990) performed experiments for
combined normal and shear loading. The specimen was ﬁrst loaded
in uniaxial tension so that a crack was initiated. Then, as shown inFig. 3 three types of loading directions were investigated; it ap-
pears that an angle equal to 90 corresponds to uniaxial tension.
To calibrate the parameters of the model to the experimental
data, it is ﬁrst estimated that the uniaxial strength is rt ¼
2:65 N=mm2. The fracture energy is taken as Gf ¼ 0:1 N=mm
ð¼ 100 N=mÞ which is a typical value for concrete, cf. for instance
Wolinski et al. (1987).
In the experiments, the load paths shown in Fig. 3 are applied
after the specimen has been exposed to uniaxial tension and crack-
ing has just been initiated. In the simulations, uniaxial tension was
applied until the stress has dropped to r ¼ 0:95rt . Using simplex
optimization and for a fourth-order Runge–Kutta solver, the
remaining parameters were then identiﬁed. In conclusion, the
following parameters were adopted:
Helmholz energy : Ec ¼ 91:7 N=mm3; Gc ¼ Ec=2
m ¼ 0:806
Loading function : rt ¼ 2:65 N=mm2; n ¼ 2:77;
k ¼ 1:32; l ¼ 1:72
Plastic potential function : k ¼ 3:41; l ¼ 6:05
Damage potential function : Gf ¼ 0:1 N=mm ð¼ 100 N=mÞ
ð44Þ
Fig. 7. Predictions that is to be compared with the experimental data of Fig. 5.
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Fig. 4(a) and (b) and it appears that a close agreement is achieved.
As mentioned in the Introduction, a large number of crack mod-
els have been proposed in the literature. However, only a few of
these make comparison with experimental data and two notewor-
thy examples are the models proposed by Carol et al. (1997) and
Nielsen et al. (2010). They also made comparisons with the exper-
imental data of Hassanzadeh (1990) discussed above and good
agreement was obtained; however, their veriﬁcations were con-
ﬁned to a comparison with these complex load paths.
With the parameters given by (44) we shall now perform fur-
ther comparisons with experimental data.8.2. Uniaxial tension
We will now compare the model predictions with the experi-
mental data of Reinhardt et al. (1986) for concrete in uniaxial ten-
sion where also the unloading response was identiﬁed. In the tests,
a slot was made in the specimen so that the position of the crack
becomes well-known. The elongations were then measured over
a distance of 35 mm and the results are shown in Fig. 5.
From the initial slope of this curve, the elastic stiffness k, where
r ¼ kde, was determined to k ¼ 1:18  103 N=mm3 and this results
in the elastic response over the measuring length shown in
Fig. 6(a). From Fig. 5, the uniaxial strength is taken as
rt ¼ 3:2 N=mm2, but apart from that we again use the parameters
given by (44); the result for the crack response is then given in
Fig. 6(a). To determine the unloading behavior, the stress at
unloading is given by the loading function as r ¼ ð1 jÞnrt . This
determines the damage variable j and the quantity Eceff that con-
trols unloading, cf. (16), is then known. Adding the elongations
shown in Fig. 6(b) and Fig. 6(b) we arrive at Fig. 7 which should
be compared with the experimental data in Fig. 5.
It is not surprising that a satisfactory agreement is obtained for
loading, since the model predictions are controlled by the expo-Fig. 5. Experimental data of Reinhardt et al. (1986). The measurements include
crack elongation as well as elastic response of the material over the measuring
length = 35 mm.
Fig. 6. Predictions. (a) Elastic deformation over the measuring length; (b) crack
opening.nential format given by (33) which we knew, in beforehand, to
be of sufﬁcient accuracy. What is of more interest is the excellent
agreement also for the unloading stiffnesses and it is emphasized,
once more, that we use again the parameters given by (44) – ex-
cept for the rt-value.8.3. Initial shear stiffness for open cracks
In a number of investigations the concrete specimen is ﬁrst ex-
posed to uniaxial tension until a certain crack opening wn is ob-
tained. Then this crack width is held constant and the specimen
is now loaded in shear; the paper of Yoshikawa et al. (1989) can
be consulted for more information. For the initial shear stiffness,
we will now compare experimental data and predictions.
In the model, the crack openingwn is known and (33) then gives
information of the stress r. Since uniaxial tension occurs initially,
the loading function (18) provides r ¼ ð1 jÞnrt , i.e. the damage
variable j is now known. When shearing is applied, we have
_wn ¼ 0 and (42) gives _s ¼ k22 _ws and as s ¼ 0 holds initially,
C2 ¼ C2 ¼ 0 applies and it follows from (43) that k22 ¼ Gceff I. This
implies _s ¼ Gceff _ws and as the loading is plane we get _s ¼ Gceff _ws
where Gceff is known.
For the initial shear stiffness, Yoshikawa et al. (1989) collected a
number of experimental data from the literature and introduced a
correction factor that considers the value of the cylinder strength
f 0c . For f
0
c ¼ 35 N=mm2, these data points are shown in Fig. 8. It
should be observed that most of these points refer to large crack
openings. As an example, consider the crack opening
wn ¼ 0:2 mm in Fig. 8 and compare with the experimental data
of Reinhardt et al. (1986) for uniaxial tension as shown in Fig. 5;
it is evident that the crack opening is very wide.
In the predictions, the uniaxial strength is chosen as
rt ¼ 2:5 N=mm2, but apart from that the parameters given by
(44) are again used. The predictions are also shown in Fig. 8 and
considering the remarks above, the agreement is fully acceptable.Fig. 8. Initial shear stiffness. Experimental data collected by Yoshikawa et al. (1989)
and corrected to cylinder strength f 0c ¼ 35 N=mm2. Prediction is also shown
indicated by the solid line.
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For small deformations, a thermodynamically based ﬁctitious
crack/interface model has been proposed for general 3D normal
and shear loading. It will appear that this material model is con-
ceptually very simple as it only involves the following choices:
Helmholtz’ free energy (9), loading function (18), plastic potential
function (26) and damage potential function (27). The latter
expression involves the, as yet, unknown function N. This function
is identiﬁed by choice of an analytic expression r ¼ rðwnÞ for the
response in uniaxial tension; here we have adopted the simple
exponential function given by (33). The model contains 9 parame-
ters and, as a comparison, the model of Carol et al. (1997) involves
11 parameters and the proposal of Nielsen et al. (2010) contains 13
parameters.
An essential feature of the model is its consistency with the
concepts behind the ﬁctitious crack/interface model. In particular,
no crack deformation occurs before the crack is initiated and when
a crack has just been initiated the proposed model provides an
unloading stiffness that is inﬁnitely large. Apart from that, it was
demonstrated that for the same set of parameters, the model is
able to provide predictions that are in close agreement with exper-
imental data for a wide range of loading situations.
References
Allix, O., Corigliano, A., 1999. Geometrical and interfacial non-linearities in the
analysis of delamination in composites. International Journal of Solids and
Structures 36, 2189–2216.
Carol, I., Prat, P.C., 1990. A statically constrained microplane model for the smeared
analysis of concrete cracking. In: Bic´anié, N., Mang, H. (Eds.), Computer Aided
Analysis and Design of Concrete Structures. Pineridge Press, Swansea, UK, pp.
919–930.
Carol, I., Prat, P.C., López, C.M., 1997. Normal/shear cracking model: application to
discrete crack analysis. Journal of Engineering Mechanics 123, 765–773.
Cˇervenka, J., 1994. Discrete crack modeling in concrete structure. Ph.D. thesis,
University of Colorado at Boulde.
Cˇervenka, J., Kishen, J.M.C., Saouma, V.E., 1998. Mixed mode fracture of
cementitious bimaterial interfaces; part II: Numerical simulation. Engineering
Fracture Mechanics 60, 95–107.
de Borst, R., 2003. Numerical aspects of cohesive-zone models. Engineering Fracture
Mechanics 70, 1743–1757.
Fagerström, M., Larsson, R., 2006. Theory and numerics for ﬁnite deformation
fracture modelling using strong discontinuities. International Journal for
Numerical Methods in Engineering 66, 911–948.
Gálvez, J.C., Cˇervenka, J., Cendón, D., Saouma, V., 2002a. A discrete crack approach to
normal/shear cracking of concrete. Cement and Concrete Research 32, 1567–
1585.Gálvez, J.C., Cendón, D.A., Planas, J., 2002b. Inﬂuence of shear parameters on mixed-
mode fracture of concrete. International Journal of Fracture 118, 163–189.
Gopalaratnam, V.S., Shah, S.P., 1985. Softening response of plain concrete in direct
tension. ACI Journal 82, 310–323.
Hassanzadeh, M., 1990. Determination of fracture zone properties in mixed mode I
and II. Engineering Fracture Mechanics 35, 845–853.
Hillerborg, A., Modéer, M., Petersson, P.-E., 1976. Analysis of crack formation and
crack growth in concrete by means of fracture mechanics and ﬁnite elements.
Cement and Concrete Research 6, 773–782.
Jirásek, M. and Belytschko, T., 2002. Computational resolution of strong
discontinuites. In: M.H.A., R.F.G., (Eds.), Proceeding World Congress on
Computational Mechanics, WCCM V.
Jirásek, M., Zimmermann, T., 2001. Embedded crack model: I. Basic formulation.
International Journal for Numerical Methods in Engineering 50, 1269–1290.
Larsson, R., Jansson, N., 2002. Geometrically non-linear damage interface based on
reqularized strong discontinuity. International Journal for Numerical Methods
in Engineering 54, 473–497.
Mergheim, J., Kuhl, E., Steinmann, P., 2007. Towards the algorithmic treatment of 3D
strong discontinuities. Communications in Numerical Methods in Engineering
23, 97–108.
Mosler, J., Scheider, I., 2011. A thermodynamically and variationally consistent class
of damage-type cohesive models. Journal of the Mechanics and Physics of Solids
59, 1647–1668.
Needleman, A., 1987. A continuum model for void nucleation by inclusion
debonding. Journal of Applied Mechanics 54, 525–531.
Nielsen, L.O., Mougaard, J.F., Jacobsen, J.S., Poulsen, P.N., 2010. A mixed mode model
for fracture in concrete. In: Fracture Mechanics of Concrete and Concrete
Structures, Proceedings of the 7th International Conference on Fracture
Mechanics of Concrete and Concrete Structures, Korea Concrete Institute,
Seoul, pp. 231–237.
Ortiz, M., Pandolﬁ, A., 1999. Finite-deformation irreversible cohesive elements for
three-dimensional crack-propagation analysis. International Journal for
Numerical Methods in Engineering 44, 1267–1282.
Ottosen, N.S., 1986. Thermodynamic consequences of strain softening in tension.
Journal of Engineering Mechanics 112, 1152–1164.
Ottosen, N.S., Ristinmaa, M., 2005. The Mechanics of Constitutive Modeling.
Elsevier.
Park, K., Paulino, G.H., Roesler, J.R., 2009. A uniﬁed potential-based cohesive model
of mixed-mode fracture. Journal of the Mechanics and Physics of Solids 57, 891–
908.
Reinhardt, H.W., Cornelissen, H.A.W., Hordijk, D.A., 1986. Tensile test and failure
analysis of concrete. Journal of Structural Engineering 112, 2462–2477.
van der Bosch, M.J., Schreurs, P.J.G., Geers, M.G.D., 2006. An improved description of
the exponential Xu and Needleman cohesive zone law for mixed-mode
decohesion. Engineering Fracture Mechanics 73, 1220–1234.
Wolinski, S., Hordijk, D.A., Reinhardt, H.W., Cornelissen, H.A.W., 1987. Inﬂuence of
aggregate size on fracture mechanics parameters of concrete. International
Journal of Cement Composites and Lightweight Concrete 9, 95–103.
Xu, X.-P., Needleman, A., 1993. Void nucleation by inclusion deponding in a crystal
matrix. Modelling and Simulation in Materials Science and Engineering 1, 111–
132.
Yoshikawa, H., Wu, Z., Tanabe, T.-A., 1989. Analytical model for shear slip of cracked
concrete. Journal of Structural Engineering 115, 771–788.
